[1] Observations in estuaries indicate that an amplified tidal wave moves considerably faster than is indicated by the classical equation for wave propagation. Similarly, the celerity of propagation is lower if the tidal wave is damped. This phenomenon is clearly observed in the Schelde estuary (located in the Netherlands and Belgium) and in the Incomati estuary in Mozambique. In the Incomati, the tidal wave is damped throughout, whereas in the Schelde the tidal range increases from the mouth until the city of Antwerp, after which it decreases until Gent. This paper derives a new analytical expression for the celerity of the tidal wave that takes into account the effect of tidal damping, as an expansion of the classical equation for tidal wave propagation. In the new equation the phase lag between high water and high water slack plays a crucial role. It is one of the main parameters determining tidal wave propagation in alluvial estuaries. The equation is successfully applied to observations in the Schelde and the Incomati.
Introduction
[2] The classical formula for wave propagation is widely used to describe the propagation of a tidal wave in estuaries. This equation has been derived for the propagation of a small amplitude gravity wave in a channel of constant cross section with no friction or bottom slope,
where c 0 is the classical celerity of the wave (m/s), g is the acceleration due to gravity (m/s 2 ), v is the stream velocity averaged over the cross section, h is the stream depth averaged over the cross section, and b is a coefficient that accounts for storage outside the stream section of the channel (b > 1). Under these conditions, the water level and flow are in phase.
[3] The fact that this equation is so widely used in estuaries is surprising since the conditions for its derivation (constant cross section and no friction) do not apply in alluvial estuaries where the cross section varies exponentially along the estuary axis and friction is clearly not negligible. It will be demonstrated that the classical wave equation also describes the propagation of a tidal wave in a converging channel (albeit with a phase lag e (0 < e < p/2) between high water and high water slack), as long as it does not gain or lose amplitude as it travels upstream and the energy per unit width, that is present in the wave, is constant. This is the case when the energy gain as a result of the convergence of the banks, as the wave travels upstream, is compensated by the energy lost by friction. In this situation one speaks of an ''ideal estuary'' [Pillsbury, 1939] , leading to an estuary of constant depth, an exponentially varying width, a constant wave celerity, and a constant phase lag between water level and velocity. The exponential width variation has been used widely to derive analytical equations for tidal wave propagation [see, e.g., Hunt, 1964; Harleman, 1966; Jay, 1991; Savenije, 1992; Friedrichs and Aubrey, 1994; Seminara, 1998, 2002] . If the effect of convergence is stronger than the effect of friction, then the wave is amplified; when the friction is stronger than the effect of convergence, the wave is damped. An analytical equation demonstrating this effect was derived by Savenije [1998 Savenije [ , 2001 , and is reproduced farther down (see equation (34)). Although in an ideal estuary there is no tidal damping or amplification, in real estuaries there generally is, albeit modest. The length scale of tidal damping is generally large in relation to the length scale of bank convergence [see, e.g., Friedrichs and Aubrey, 1994; Savenije, 1992] .
[4] There appears to be a close relation between tidal damping (or amplification) and wave celerity. Tidal damping and tidal wave celerity both react to the imbalance between convergence and friction. In estuaries where tidal damping or amplification is apparent (e.g. the Thames, the Schelde, or the Incomati; see Figure 1 ), one can observe a prominent deviation from the classical wave celerity c 0 . If the wave is amplified, such as in the lower parts of the Thames and the Schelde, then the wave moves considerably faster than the celerity computed by equation (1); when the wave is damped, as is the case in the Incomati and in upper parts of the Thames and Schelde, then the wave travels considerably slower.
[5] Observations of tidal wave celerity under tidal damping and amplification are presented in Figure 2 for the Schelde in Netherlands and the Incomati in Mozambique. These observations are combined with a drawn line representing the classical equation for wave propagation of equation (1). Figure 2 shows observations at high water (HW) and low water (LW) in the Schelde and observations at high water slack (HWS) and low water slack (LWS) in the Incomati. It can be seen clearly that in an amplified estuary (the lower Schelde) the travel time of the wave is much shorter than the travel time computed by equation (1) (about half) and that the travel time is substantially larger in a damped estuary (the upper Schelde and the Incomati).
[6] To date, the analysis of finite amplitude effects in convergent, frictional estuaries has been little explored. Ponce and Simons [1977] remarked that ''a coherent theory that accounts for celerity as well as attenuation characteristics has yet to be formulated.' ' Godin [1991 ' Godin [ , 1999 analyzed the nonlinear effects of river discharge and friction, but did not come up with a revised expression for the wave celerity. To date, the most substantial contributions made to solving this problem are by Jay [1991] and by Friedrichs and Aubrey [1994] , who addressed it by scaling the governing equations and subsequently solving the firstand second-order approximations analytically. This approach, which is also called the perturbation approach, reduces the differential equation by neglecting higher order terms. In doing so, the effect of tidal damping generally disappears from the equation. Only in a second-order solution are the combined effects of tidal damping and wave propagation present. Friedrichs and Aubrey [1994] fitted their equations to observations in the Thames, Tamar, and Delaware by calibration. Although the method was based on the linearized Saint Venant equations, they were able to demonstrate a combined effect of damping/ amplification and wave celerity, by retaining an exponentially decaying or increasing tidal amplitude.
[7] In this paper, the method of characteristics [see, e.g., Dronkers, 1964; Whitham, 1974] is used to derive an analytical equation for the combined effect of damping and wave celerity. This equation allows the computation of the celerity of propagation under damped or amplified conditions. The equation obtained is not very complicated and is an extension of the classical formula, in which besides the rate of amplification (or damping), the phase lag e between high water and high water slack is essential. The inclusion of e is crucial in the methodology. It is one of the most important parameters characterizing tidal hydraulics in estuaries. Conditions for the derivations made are that the tidal amplitude to depth ratio and the Froude number are considerably smaller than unity and that the velocity of river discharge is small compared to the tidal velocity. In the lower part of alluvial estuaries this situation is the rule rather than the exception.
Theory
[8] The following one-dimensional equations determine the water level and flow velocity fluctuations of the water in a well-mixed estuary:
where A(x,t) is the cross-sectional area of the estuary, Q(x,t) is the discharge, v(x,t) is the velocity of flow, h(x,t) is the depth of flow, z b (x) is the bottom level, r is the density of the water, and f is a roughness coefficient. Most of the flow parameters are functions of both distance x and time t. The positive x-direction is chosen upstream with the origin at the estuary mouth.
[9] These are the Saint Venant equations, where the first equation accounts for conservation of mass and the second for conservation of momentum. In addition, the following geometric equations apply to A and Q:
where B(x) is the stream width and B s (x) is the storage width, which may be larger than the stream width B, particularly at high water levels.
[10] In alluvial estuaries, the stream width of the estuary at a particular water level, for example, at HW, LW, or tidal average (TA), can generally be described by an exponential function.
The length scale of the exponential function is a constant: b, which is named the convergence length.
[11] A useful equation was derived by Savenije [1993] from the water balance equation relating the tidal amplitude to tidal velocity amplitude,
where h is the tidal amplitude equal to half the tidal range H, h is the time-average depth, u is the amplitude of the tidal velocity, w = 2p/T is the angular velocity, e is the phase lag between high water (HW) and high water slack (HWS), and d u is the damping scale of the tidal velocity defined by
[12] If damping is modest and the depth and phase lag are constant along the estuary axis, which is generally the case in alluvial estuaries, than it follows from (7) that the damping of the tidal velocity amplitude equals the damping of the tidal range, defined by
[13] Combination of (6) with the Saint Venant equations and some elaboration yields
where b = B s /B > 1 is the storage width correction factor, I b is the bottom slope, I r is the density slope (in agreement with the fourth and fifth terms, respectively, of equation (3)).
If the salinity of the seawater is 1024 kg/m 3 , then the density slope amounts to about 0.12h/L, where L is the intrusion length of the salinity in the estuary. In the Schelde this slope results in an increase of the water level at Antwerp of almost 0.2 m. At the downstream boundary a periodic water level fluctuation is assumed, and at the upstream boundary a river discharge Q r , which should be small compared to the tidal flow.
[14] If we assume that topographic parameters such as b, b, and I b can be determined independently, then the two equations have three unknowns: h, v, and f. The latter is generally obtained from calibration on measurements. The main unknown parameters to be determined in the analysis, as functions of time and space, are the water depth and the water velocity. Both are considered periodic functions F and Ψ, with a tidal period T and an angular velocity w = 2p/T.
[15] Hence the assumed shape of the periodic functions for velocity and depth are
where u(x) is the amplitude of the tidal velocity, h(x) is the amplitude of the tidal water level variation (h = H/2), h is the tidal average depth, x is the dimensionless argument of the periodic function, c is the celerity of the tidal wave, and e is the phase lag between high water (HW) and high water slack (HWS), or between low water (LW) and low water slack (LWS), which, in agreement with the ideal estuary, can be assumed to be constant along the estuary axis [e.g., Lanzoni and Seminara, 2002] , if the tidal amplitude to depth ratio and the river discharge is small compared to the tidal flow. We shall assume that we know the shape of the harmonics F and Ψ (sinusoids); the two main variables h and v then are replaced by the variables u(x) and h(x). Assuming the average depth can be derived from topography, there are only two more variables introduced: e and c. The solution of the Saint Venant equations will thus require two more equations. One of the equations is (7), and the other is an expression for the phase lag derived by Savenije [1993] from the conservation of mass equation,
[16] This expression is similar to the one derived by Prandle [2003] . Combination of this equation with (7) yields the ''Scaling equation''
This ''Scaling equation'' corresponds with its classical counterpart when sine = 1: the case of a progressive wave [e.g., Jay, 1991, equation (6); Friedrichs and Aubrey, 1994, equation (11)].
[17] Thus we have four equations with (besides f ) four unknowns. The damping scales for tidal range and velocity are not additional variables, since they are defined by (8) and (9). The added value of this approach is that the tidal damping, the wave celerity, and the phase lag can all be determined directly from observations, so that an estimate of the roughness and, for instance, the average depth can be made analytically.
[18] Hence the following conditions should be met:
[19] 1. The tidal velocity v in (11) is not influenced significantly by the river discharge Q r . Hence u ) Q r /A.
[20] 2. The amplitude of the tidal water level variation is smaller than the depth of flow. Hence h < h.
[21] 3. The Froude number is small: u ( c.
[22] 4. The phase lag e is constant along the estuary.
[23] 5. The wave celerity is constant along the estuary, or at least along a certain reach of the estuary, or @c/@x = 0.
[24] 6. The scaled tidal wave (Ψ) is not deformed as it travels upstream.
[25] The first assumption is very common in tidal hydraulics and quite acceptable in the downstream part of alluvial estuaries. The second is only correct in deep estuaries. In a shallow estuary such as the Incomati (see Figure 1 ) this situation does not apply near the estuary mouth, although it does farther upstream. Assumption 3 is linked to the second assumption through the scaling equation (16). With bsine being smaller than unity in alluvial estuaries, the Froude number is always smaller than the tidal amplitude to depth ratio. Assumption 4 corresponds to the theory of the ideal estuary, which in alluvial estuaries is a good approximation of reality. The fifth assumption is crucial for the derivations made. It is also in agreement with the theory of the ideal estuary. Its validity shall be checked in section 3 for the estuaries studied. Assumption 6, finally, is the methodological assumption. This assumption, which implies that higher order effects are negligible, is less restrictive than the assumption made for the derivation of the classical equation. Assumption 6 is acceptable as long as assumptions 1-3 are valid, and hence it is not really an additional assumption.
[26] The following partial derivatives can be derived for the parameters of the harmonic functions:
The average water depth gradient can be found by averaging (11) over time, under the assumption that the residual effect of the friction term is small. This is only correct under the strict assumptions of a small tidal range to depth ratio, a small Froude number, and negligible river flow. Horrevoets et al. [2004] demonstrated that this is acceptable in the part of the estuary where river discharge is small compared to tidal flow (assumption 1). Hence
Subsequently, the following partial derivatives of velocity and depth can be written:
Note that for these derivatives it is not necessary to assume that the periodic functions are simple harmonics.
[27] Essential for the further derivation is the assumption that the wave may be amplified or damped, but that the scaled tidal wave (Ψ) is not deformed, as long as the observer travels along a characteristic at the wave celerity (Ψ is constant with time if x is constant with time, implying that dx/dt = c). As we can see from Figure 3 , showing the propagation of tidal waves in the Schelde estuary, the tide has a higher order M 4 component resulting from the nonlinear resistance term. The shape of the scaled tidal wave, however, remains similar as the wave travels upstream. In the following, we assume a sinus shape.
[28] Hence, for an observer traveling at the celerity of the tidal wave,
The crux of the method is that application of equation (24) to the combined Saint Venant equations implies that the sum of all terms containing Ψ 0 should be zero. These terms should be found in a linear combination of the two equations. Thus the equation of continuity (7) is multiplied by a constant factor m and added to the equation of motion (8), after which the sum of all terms containing Ψ 0 are equated to zero. Such a method is more often used to determine the celerity of propagation, for example by Sobey [2001] , who applied it to a channel of constant cross section and disregarded the effect of tidal damping. As a result, our approach generates more terms.
[29] To enhance insight into the terms of the Saint Venant equations, they are represented in Table 1 in a format where each column lists the coefficients of the equations belonging to the variables Ψ 0 , F 0 , Ψ, and F for each term of the equations. In this table there are a number of cells that contain non-linear terms. These terms could also have been placed in another column. The reason why a certain column is chosen is to provide a logical overview. The position of these terms is not affecting the further analysis. What is essential for the following analysis is to see which terms belong to Ψ 0 .
[30] The combined equation can be split into two parts: the equation where the sum of the coefficients of the terms containing Ψ 0 is zero (corresponding to equation (24)) and the equation where the sum of the remaining terms is zero. The first equation yields
where m is the multiplication factor for the equation of continuity.
[31] The second equation reads
Substitution of m and rearrangement yields
with F being a function of F and Ψ, consisting of the following terms:
[32] These terms are all functions of v and h, and hence of time and space. Here C is the term that determines the acceleration of the wave due to the convergence of the banks. S determines the influence of the bottom slope; R determines the effect of friction, and the D i terms (i = 1, .., 4) contain the effect of tidal amplification or damping. The terms are defined such that if they are positive, they cause the wave to move faster; if they are negative, they slow down the propagation of the wave. Because in alluvial estuaries the Froude number is much smaller than unity, jD 4 j ( jD 2 j and jD 3 j ( jD 1 j. As a result, D 4 and D 3 can generally be disregarded, but we retain them here.
[33] Besides that F is a function of v and h, equation (27) contains the flow velocity and the depth explicitly. This dependency on v and h can be simplified using an adjusted Airy equation. Airy [1845] , quoted by Lamb [1932, article 175] , presented the following equation for a frictionless undamped progressive wave (sine = p/2) in a prismatic channel with no bottom slope:
where c 0 is the classical celerity of the tidal wave at mean depth. In our case, where there is friction, tidal damping, and a strong topography, this equation is different. For a small Froude number, equation (27) can be modified as
[34] Let us consider the situation at HW. At HW: h À h = h and v = usine. Making use of the scaling equation (16), this leads to
[35] The root in the first term can be replaced by the first terms of a Taylor series expansion, if h/h < 1. Hence
Now it can be seen that for b = 1, F = 1, and e = p/2 (the case of an undamped progressive wave in a prismatic channel) this is the same as Airy's equation. In alluvial estuaries, however, the value of sin 2 e is O(0.1). With F and b being close to unity, this implies that in alluvial estuaries the effect of the wave amplitude on the wave celerity is less strong, as Airy's equation suggests. The general equation for the effect of depth and velocity variation on wave propagation can be derived similarly as
For a small amplitude-to-depth ratio, the direct effect of the water level fluctuation on the wave celerity is small. However, there is a stronger effect through F that we have not yet explored.
[36] The values of C, S, R, and D i vary during the tidal cycle. In Table 2 the values of these terms are presented for six special moments during the tidal cycle: HW, LW, HWS, LWS, and for the tidal average situations (TA) during ebb and flood, respectively. In this table, it is assumed that the functions Ψ and F behave like sinusoids, at least close to the points of HWS and LWS where this is relevant. 
SAVENIJE AND VELING: THEORY OF WAVE CELERITY AND ATTENUATION
[37] If the tidal wave progresses as a nondeformed wave, any convenient moment during the tidal cycle can be selected to determine the wave celerity. It can be seen from Table 2 
where D = D 1 and h is the water depth at slack time. Since the water depth at HWS is larger than at LWS, the celerity of the wave is slightly higher at HWS than at LWS. Hence the assumption that the wave is nondeformed is only valid if the depth at HWS is not much different from the depth at LWS, or if hcose ( h. In the latter case the average depth may be used.
[38] Equation (33) is an expansion of the classical equation for wave propagation by a simple damping factor 1/(1 À D). The equation obtained is surprisingly simple and provides clear insight into the factors that influence tidal propagation. It can be seen directly that the classical equation is obtained if convergence balances friction and there is no tidal damping or amplification. The wave is slowed down under tidal damping (dh/dx < 0) and accelerated under tidal amplification (dh/dx > 0).
[39] At TA, the depth is the same for the flood and ebb tide. The asymmetry between TA-flood and TA-ebb is in the D 4 -term and in the left-hand member of equation (27) where the velocity has a different sign. Both cases of asymmetry are negligible if the Froude number is small. Disregarding the D 4 -term, one can demonstrate that the celerity at TA and HWS/LWS is the same, making use of the equation for the tidal damping which was derived by Savenije [1998 Savenije [ , 2001 from the full Saint Venant's equations. It is presented here without derivation:
The first term in the numerator of this equation is the convergence term; the second term is the friction term. If friction prevails over convergence, the tidal wave is damped. Otherwise it is amplified. If the convergence term balances the friction term, there is no damping, in The denominator is an important term, since a is smaller than unity [Savenije, 2001] . By using (1) and (16), we can see that a % sin 2 e, which in the Schelde is about 0.1.
[40] In equation (33), the wave celerity can be computed on the basis of the observed damping of the tidal range. One can, however, also obtain an implicit expression for wave celerity by substitution of equation (34) in (33), resulting in
In equation (35), both the nominator and denominator of D have been multiplied by a. As a result, the denominator (1+a) has a value close to unity. In the right-hand side of equation (35) the friction term of Jay [1991] is used, with R 0 = fusine/h. For the convergence, Jay [1991] uses the parameter Dl = c(bw)
À1
. It can be seen clearly that c = c 0 when these two terms are equal. This can also be seen in Jay's Figure 3 , where the lines of equation (35) plot a similar pattern.
[41] A case of critical convergence occurs when D approaches unity. Jay [1991] observed that this happens when flow resistance is neglected and the convergence term Dl = 2. In (35), critical convergence occurs when Dl = 2(1 + a)/sin(2e), which is larger than 2.
[42] One can simplify (35) further by substitution of (15).
Equation (36) shows that the damping term is determined by the phase lag e and the balance between convection and friction. It can also be seen that D is always smaller than unity and that critical convergence does not occur. (The only factor that can make D larger than unity is (1 À db) under tidal amplification. In the Schelde, this term can reach a minimum value of 0.82, while cos 2 e = 0.89 and (1 + a) = 1.11). Furthermore, we see the crucial role of e in tidal wave propagation, as the key parameter determining the deviation of the wave celerit y from c 0. If e =0: D = 1 and c !1; if e = p/2: D = 0 and c = c 0 .
Empirical Verification in the Schelde and Incomati Estuaries
[43] The theory described in the previous section has been confronted with observations made in the Schelde and Incomati estuaries. Figures 4a and 4b show the geometry of these estuaries, where the cross-sectional area, the width, and the depth are plotted on semi-logarithmic paper. It can be seen that indeed the width and the cross-sectional area vary In the lower part the convergence length is 6 km, and in the upper part it is 42 km. The average depth is 2.9 m.
[44] In Figure 5 the observed variation of the tidal range along the estuary axis in the Schelde and Incomati is shown. In Figure 5a , the lines indicating a river discharge of 41 and 100 m 3 /s were computed by Horrevoets et al. [2004] ; the line with no river discharge corresponds with equation (34). The line indicated by F&A has been obtained with the method of Friedrichs and Aubrey [1994] ; the deviation from the observed values is largely due to the high tidal amplitude to depth ratio in this part of the estuary. One can clearly see the strong amplification of the tidal range in the Schelde over the lower 130 km, after which the wave is damped. Figure 5b shows similar graphs for the Incomati with a discharge of 4 m 3 /s. The Incomati experiences tidal damping throughout.
In this estuary the method of Friedrichs and Aubrey could not be applied owing to the high value of the tidal amplitude to depth ratio near the estuary mouth.
[45] In Figure 6 the ratio of the tidal amplitude to depth is shown for the two estuaries, distinguishing between HW, LW, and mean tide (TA). It can be seen that the condition that this ratio should be less than unity is violated during low water near the mouth of the Incomati and around 150 km from the mouth in the Schelde. At these locations the assumptions made for the derivation are not justified and deviations are expected. Figure 7 presents the ratio of the velocity of the river discharge to the tidal velocity amplitude for the Schelde and Incomati. Figure 7a presents the lines for a discharge of 41 m 3 /s, which occurred on 21 June 1993, and a line for a high discharge. It can be seen that the condition that the effect of river discharge is negligible does not apply in the upper part of the estuary. In the Incomati the effect of river discharge is negligible for the period of observation, and for a higher discharge of 100 m 3 /s as well.
[46] Figure 8 shows the application of the theory to wave celerity in the two estuaries. The new equation performs considerably better than the classical equation. In the Incomati the correspondence is very good, with the exception of the part nearest to the mouth. In the Schelde the line for HW is very good, but the line for LW shows a deviation upstream from the point located 150 km from the mouth. The reasons for these deviations should be sought in the relatively high ratio of tidal amplitude to depth and the effect of river discharge (see Figures 6a and 7a) . As a comparison, Figure 8a also show the relation derived by Friedrichs and Aubrey [1994] for the tidal average situation.
[47] Figure 9a shows the variation of the damping term D as a function of x in the Schelde estuary. The thick line is the value obtained by (33) using observed values of dh/dx. The line indicated by D is obtained with (35). The reason why this line deviates from the previous line upstream from 140 km is because it does not take into account the effect of river discharge on tidal damping. This can be seen if we consider the thin line (indicated by D 0 ), which was obtained by using a slightly more sophisticated formula than (34), developed by Horrevoets et al. [2004] taking into account the effect of river discharge. This line fits the observed equation very well. Finally, the line indicated by D 00 is the one using (36) which makes use of (15). The latter equation is more sensitive to a high river flow and amplitude to depth ratio. However, it can be seen that equation (36) is a good approximation for the tide-dominated part of the Schelde estuary. In the Incomati, where the river discharge is very small, we see that all curves except D 00 are close. The latter is not appropriate near the estuary mouth where the tidal amplitude to depth ratio is large.
Conclusion
[48] One can conclude that the new equation is a substantial improvement over the classical equation for tidal wave propagation and that new insight has been gained into the propagation of tidal waves under damped or amplified conditions. Equations (33) -(36) are the result of an integrated theory for wave celerity and wave attenuation. The wave celerity and the tidal damping both depend on the balance between friction and convergence. If convergence is stronger than friction, the tidal wave is amplified and the celerity of the wave is larger than c 0 ; if friction is stronger than convergence, the tidal wave is damped and the wave celerity is slower than c 0 . The phase lag e is a crucial parameter to describe tidal wave propagation in estuaries. 
